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Abstract. These lectures are designed to serve as an introduction to a method of Swinnerton-Dyer
for studying the Hasse principle and Brauer�Manin obstruction for classes of varieties where the
existence of rational points can be related to the existence of rational points on families of torsors
under abelian varieties. Following Swinnerton-Dyer's original work, the method has been developed
by Colliot-Thélène, Skorobogatov, Harpaz, Wittenberg and others, and examples of varieties it has
been successfully applied to include certain K3 surfaces, cubic surfaces and quartic del Pezzo surfaces.
We will primarily illustrate the method in the special case of Kummer surfaces. A sizeable portion
of the course will be dedicated to the study of 2- and 4-Selmer groups in quadratic twist families,
which forms a large part of the technical input to some of the results alluded to above.
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1. Introduction

The aim of these notes is to give an introduction to Swinnerton-Dyer's method in the worked
example of rational points on Kummer varieties, with a particular focus on (generalized) Kummer
surfaces associated to Jacobians of genus 2 curves. A secondary aim is to discuss the behaviour of 2-
and 4-Selmer groups in quadratic twist families.

While results on the existence of rational points established via Swinnerton-Dyer's method are
typically conditional on �niteness of auxiliary Tate�Shafarevich groups and, sometimes, Schinzel's
hypothesis, the method remains important since there are many varieties (in particular classes of K3
surfaces) where no other results or methods are known. In particular, the method can give evidence
towards conjectures on the su�ciency of the Brauer�Manin obstruction for certain classes of varieties
(for which see [CT03], [Sko09, p. 77] and references therein).

Instead of attempting to start with a general introduction to the method, we focus on some rele-
vant theory and techniques before specialising to the case of Kummer surfaces. Works carrying out
and developing Swinnerton-Dyer's method include [SD95,CTSSD98,SSD05,SD00,SD01,CT01,Wit07,
HS16,Har19,MS24,Mor25]. We point to the introductions of [CT01] and [Har19] for an overview of
the method, the context in which it sits, the role of many of the cited works, and additional references.
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1.2. Notation/background. For a �eld k, we will denote by k̄ a �xed algebraic closure of k, ks ⊆ k̄
the separable closure of k in k̄, and Gk = Gal(ks/k) the absolute Galois group of k. For a smooth
projective variety X over k we write Br(X) for the Brauer group of X and set

Br1(X) = ker
(
Br(X) → Br(Xks)

)
.

We also write Br0(X) for the image of Br(k) in Br(X). If H3(k, ks,×) = 0 (e.g. if k is a number �eld)
then we have an isomorphism Br1(X)/Br0(X) ∼= H1

(
k,Pic(Xk̄)

)
; see [CTS21, Proposition 4.3.2] for

details.

2. The Cassels�Tate pairing

Let k be a number �eld and A/k an abelian variety. The Galois cohomology groupH1(k,A) classi�es
isomorphism classes of A-torsors X/k. The Tate�Shafarevich group of A is de�ned as

X(A) = ker

(
H1(k,A) →

∏
v place of k

H1(kv, A)

)
.

It is the subgroup of H1(k,A) consisting of elements represented by everywhere locally soluble torsors,
i.e. torsors X under A such that X(Ak) ̸= ∅. A major open conjecture is that X(A) is �nite.

The Cassels�Tate pairing is a bilinear pairing

⟨ , ⟩CT : X(A)×X(A∨) → Q/Z,
where A∨ denotes the dual abelian variety. It has several equivalent de�nitions; see [PS99]. One
de�nition, the homogeneous space de�nition, is as follows.

De�nition 2.1 (Cassels�Tate pairing). Let X be an everywhere locally soluble A-torsor, so that X
represents a class in X(A). We have a canonical isomorphism of Gk-modules Pic0(Xk̄)

∼= Pic0(Ak̄) =
A∨(k̄). This induces a homomorphism

ΦX : X(A∨) → H1
(
k,Pic(Xk̄)

) ∼= Br1(X)/Br0(X).

We note that since elements of X(A∨) are everywhere locally trivial, the image of this map consists of
elements of Br1(X) that everywhere locally lie in the image of Br(kv) in Br(Xkv ). Now take η ∈ X(A∨)
and let α ∈ Br1(X) be any element representing the class of ΦX(η). De�ne

(2.2) ⟨[X], η⟩CT =
∑

v place of k

invvα(xv),

where xv ∈ X(kv) is any choice of kv-point on X.

Remark 2.3. The right hand side of (2.2) is independent of the choice of xv since α is everywhere locally
in the image of Br(kv), hence the evaluation map X(kv) → Br(kv) given by xv 7→ α(xv) is constant.
Further, by reciprocity for the Brauer group of k, it is independent of the choice of representative
α ∈ Br1(X) for ΦX(η) ∈ Br1(X)/Br0(X).

The key property that the Cassels�Tate pairing has is that its left (resp. right) kernel is the
maximal divisible subgroup of X(A) (resp. of X(A∨)); see e.g. [Mil06, Chapter I.6]. If X(A) is �nite
as expected then so is X(A∨) and, in particular, the Cassels�Tate pairing is non-degenerate.

In his 1970 ICM talk Manin [Man70] de�ned what is now known as the Brauer�Manin obstruction,
and observed the following.
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Theorem 2.4 (Manin). Suppose that X(A) is �nite. Then the Brauer�Manin obstruction explains
all failures of the Hasse principle for torsors under A.

Proof. Let X be a torsor under A. We can assume that X is everywhere locally soluble, in which
case X de�nes a class [X] ∈ X(A). Suppose X(k) = ∅, so that [X] ̸= 0. Since X(A) is �nite,
the Cassels�Tate pairing is non-degenerate, hence there is η ∈ X(A∨) with ⟨[X], η⟩CT ̸= 0. Any lift
α ∈ Br1(X) of ΦX(η) gives a Brauer�Manin obstruction to the Hasse principle on X. □

The basic aim of Swinnerton-Dyer's method is to (provide a framework allowing one to) `propogate'
this result to other classes of varieties. Before saying any more about this, we discuss another relevant
part of the theory of the Cassels�Tate pairing.

2.1. The obstruction to being alternating. Suppose now that A admits a principal polarisation
λ : A → A∨. Via λ we identify A with A∨ and thus view the Cassels�Tate pairing as a Q/Z-valued
bilinear pairing on X(A). As shown by Flach [Fla90], this pairing is antisymmetric. That is, for all
x, y ∈ X(A), we have ⟨x, y⟩CT = −⟨y, x⟩CT. In particular, we have 2 ⟨x, x⟩CT = 0 for all x ∈ X(A).
One can ask whether, moreover, the Cassels�Tate pairing is alternating (i.e. ⟨x, x⟩CT = 0 for all
x ∈ X(A)). This question was given a beautiful answer by Poonen and Stoll in [PS99]. We recall
their result.

We have a short exact sequence of Gk-modules

0 → A∨(k̄) → Pic(Ak̄) → NS(Ak̄) → 0.

The associated long exact sequence for Galois cohomology induces a connecting map

δ : NS(Ak̄)
Gk → H1(k,A∨).

The principal polarisation λ gives a class in NS(Ak̄)
Gk , so we obtain a class δ(λ) ∈ H1(k,A∨). Denote

by c the image of this class under the isomorphism H1(k,A∨) ∼= H1(k,A) induced by λ.

Theorem 2.5 (Poonen�Stoll, [PS99] Theorem 5). The element c lies in X(A)[2]. Moreover, for all
x ∈ X(A), we have ⟨x, x⟩CT = ⟨x, c⟩CT . In particular, ⟨ , ⟩CT is alternating if and only if c lies in
the maximal divisible subgroup of X(A).

Corollary 2.6 ([PS99] Theorem 8 and Corollary 9). Suppose that X(A) is �nite. If ⟨c, c⟩CT = 0 then
X(A) ∼= T × T for some �nite abelian group T . In particular, dimF2 X(A)[2] is even and X(A) has
square order. Conversely, if ⟨c, c⟩CT = 1/2, then X(A) ∼= Z/2Z× T × T for some �nite abelian group
T , dimF2

X(A)[2] is odd and the order of X(A) is twice a square.

Proof. In general, suppose we have a �nite abelian group M equipped with a non-degenerate antisym-
metric bilinear pairing P : M ×M → Q/Z. The antisymmetry means that the map x 7→ P (x, x) is a
homomorphism M → 1

2Z/Z, hence has the form P (−, c) for a unique c ∈M [2]. The map ϕ :M →M
given by

m 7→

{
m P (m, c) = 0,

m+ c P (m, c) = 1/2,

is then checked to be a homomorphism, and the bilinear pairing P̃ : M × M → Q/Z given by

P̃ (x, y) = P (x, ϕ(y)) checked to be alternating. Its kernel is ker(ϕ), which is 0 if P (c, c) = 0, and

is ⟨c⟩ ∼= Z/2Z if P (c, c) = 1/2. In this latter case, we have M ∼= ⟨c⟩ ⊕ ⟨c⟩⊥ , where the orthogonal

complement is taken with respect to P and, moreover, P̃ is a non-degenerate alternating pairing on

⟨c⟩⊥. To conclude, recall that any �nite abelian group admitting a non-degenerate alternating pairing
is isomorphic to T × T for some �nite abelian group T . We deduce that there is a �nite abelian group
T such that:

M ∼=

{
T × T P (c, c) = 0,

Z/2Z× T × T P (c, c) = 1/2.

Applying this with M = X(A) and P the Cassels�Tate pairing gives the result. □
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Remark 2.7. Let Xdiv(A) denote the maximal divisible subgroup of X(A). Thus, the Cassels�Tate
pairing give a non-degenerate pairing on Xnd(A) := X(A)/Xdiv(A). One still does not know uncon-
ditionally that Xnd(A) is �nite. However, for all primes p, its p-part is known to be �nite. Corollary
2.6 then holds unconditionally for Xnd(A)[2

∞] (meanwhile, Xnd(A)[p
∞] is the square of a �nite

abelian p-group for all odd primes p).

The class δ(λ) ∈ H1(k,A∨) is the A∨-torsor associated to the Gk-set of line bundles L ∈ Pic(Ak̄)
inducing the given principal polarisation λ (that is, such that λ is given by x 7→ τ∗xL ⊗ L−1 where
τx : A→ A is translation by x). This admits a natural re�nement to an A∨[2]-torsor. Namely, a lift of
δ(λ) to H1(k,A∨[2]) is given by the class associated to the Gk-set of symmetric line bundles inducing
λ. This gives a useful interpretation of the Poonen�Stoll class c as follows; see [PR11, Section 3.4] for
details. Via the principal polarisation λ, we view the Weil pairing e2 : A[2]×A∨[2] → µ2 as a pairing
A[2]× A[2] → µ2, which by an abuse of notation we denote by e2 also. It is non-degenerate, bilinear,
alternating and Gk-equivariant. In particular (since A[2] is 2-torsion) it is symmetric. A quadratic
re�nement of e2 is a map q : A[2] → µ2 such that

q(x+ y)q(x)−1q(y)−1 = e2(x, y)

for all x, y ∈ A[2]. The Gk-set of quadratic re�nements of the Weil pairing on A[2] is a principal
homogeneous space for A[2], hence gives rise to a class c2 ∈ H1(k,A[2]). This class lifts c ∈ H1(k,A)
to H1(k,A[2]). Recall that, by de�nition, the preimage of X(A)[2] in H1(k,A[2]) is the 2-Selmer
group Sel2(A). We deduce the following result from the above discussion:

Proposition 2.8. The class c2 lies in Sel2(A). Moreover, writing G = Gal(k(A[2])/k), the class c2
arises via in�ation from H1(G,A[2]).1 In particular, if Gk acts on A[2] through the orthogonal group
O(q) of a quadratic re�nement of the Weil pairing (e.g. if A[2] ⊆ A(k)) then c = 0. In this case, if
X(A) is �nite then dimF2

X(A)[2] is even.

2.2. Quadratic twists. Let k be a �eld, A/k a principally polarised abelian variety, and χ : Gk → µ2

a quadratic character. Denote by Aχ the quadratic twist of A by χ. That is, Aχ is the twist of A given
by viewing χ as a 1-cocycle valued in {±1} ⊆ Aut(Aks). Thus, A

χ is equipped with a ks-isomorphism
ϕ : A → Aχ such that, for all σ ∈ Gk, ϕ

−1 ◦ σϕσ−1 is multiplication by χ(σ). In particular, Aχ is
isomorphic to A over the quadratic extension cut out by χ.

It will be crucial in what follows to note that ϕ gives a Galois equivariant isomorphism A[2] ∼= Aχ[2].
Via this map, we will always identify Aχ[2] with A[2]. The principal polarisation on A descends to a
principal polarisation on Aχ (since multiplication by −1 acts trivially on the Néron�Severi group of
A) and the identi�cation of A[2] with Aχ[2] is compatible with the resulting Weil pairings.

Remark 2.9. Proposition 2.8 is particularly useful when considering the behaviour of Selmer/Tate�
Shafarevich groups under quadratic twist. Indeed, the interpretation of c2 via quadratic re�nements
of the Weil pairing shows that c2 is invariant under quadratic twist. Thus, if Gk acts on A[2] through
the orthogonal group O(q) of a quadratic re�nement of the Weil pairing, and the Tate�Shafarevich
groups of all quadratic twists of A are �nite, then dimF2

X(Aχ)[2] is even for every quadratic twist
Aχ of A.

3. Remarks on Swinnerton-Dyer's method for Kummer varieties

The following is a situation in which one might hope that the existence of rational points on a given
variety can be related to the existence of rational points on torsors under abelian varieties.

1Since the Galois action on A[2] determines the Galois action on the set of quadratic re�nements of e2.
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3.1. Generalised Kummer varieties. Let k be a �eld of characteristic di�erent from 2 and let A/k
be a principally polarised abelian variety of dimension at least 2. The Kummer variety X associated
to A is a desingularisation of the quotient Xsing = A/ ± 1. More speci�cally, Xsing is singular at the
image of A[2] and X is the blow up of Xsing at these points. When A has dimension 2, X is a K3
surface. Note that X(k) ̸= ∅ since the same is true of A. However, there is a generalisation of this
construction that yields varieties where the existence of k-points is much more interesting.

Fix a non-zero class α ∈ H1(k,A[2]) and denote by Yα the corresponding 2-covering of A. Thus,
Yα is a torsor under A equipped with an involution ι compatible with multiplication by −1 on A. The
generalised Kummer variety Xα associated to α is the blow up of the quotient Yα/ ⟨ι⟩ at the image of

the �xed points of ι. It is a twist of X. Denote by Ỹα the blow up of Yα at the �xed points of ι. Then

ι extends uniquely to an involution ι̃ on Ỹα and Xα = Ỹ / ⟨ι̃⟩.
Now let χ : Gk → µ2 be a quadratic character. We identify µ2 with ⟨ι⟩ ≤ Autks(Yα) and thus view

χ as a 1-cocycle valued in Autks(Yα). Denote by Y χα the corresponding quadratic twist of Yα by χ.
It is the 2-covering for Aχ arising from viewing α as an element of H1(k,Aχ[2]) via the identi�cation
A[2] ∼= Aχ[2] discussed above. Since the construction of Xα involves taking the quotient by ⟨ι⟩, the
Kummer variety associated to Y χα is (isomorphic over k to) Xα. Thus, for each quadratic character

χ, we have a degree 2 morphism Ỹ χα → Xα. Note, in particular, that if Y χα (k) ̸= ∅ for some χ then
Xα(k) ̸= ∅. Conversely, if Xα(k) ̸= ∅, say x ∈ Xα(k), then the preimage of x under the quotient map

f : Ỹα → Xα has order at most 2 and is stable under Gk. We deduce from this that, after a suitable
quadratic twist, the �bre over x is de�ned over k. That is, there is a quadratic character χ such that

Ỹ χα (k) ̸= ∅, which is the case if and only if Y χα (k) ̸= ∅. In this way, the existence of a k-point on Xα

is equivalent to the existence of a k-point on Y χα for some χ, reducing the study of k-points on Xα to
the study of rational points in a family of torsors under abelian varieties.

3.2. Basic strategy. Now take k to be a number �eld. By a conjecture of Skorobogatov, one expects
that the Brauer�Manin obstruction explains all failures of the Hasse principle for K3 surfaces, hence
in particular Kummer surfaces. The Brauer group of generalised Kummer varieties is studied by
Skorobogatov�Zarhin [SZ17]. Suppose we are in a situation where (we do not expect) the Brauer
group to obstruct the Hasse principle on Xα. Suppose also that Xα(Ak) ̸= ∅. From the discussion
above this implies, in particular, that for each place v of k there is a quadratic character χv : Gkv → µ2

such that Y χv
α (kv) ̸= ∅. The basic strategy (which often turns out to be too optimistic) for establishing

the existence of a k-point on Xα, conditional on �niteness of Tate�Shafarevich groups, goes as follows:

(1) �nd a global quadratic character χ : Gk → µ2 such that Y χα (Ak) ̸= ∅. Equivalently, such that
α ∈ Sel2(A

χ).
(2) construct a sequence χ = χ1, χ2, ..., χn of quadratic characters such that passing from χi to

χi+1 induces a controlled change on the 2-Selmer group, say

Sel2(A
χ) ⊋ Sel2(A

χ2) ⊋ Sel2(A
χ3) ⊋ · · · ⊋ Sel2(A

χn) = ⟨α⟩ .

The idea here is to alter χ in such a way that α remains in the 2-Selmer group at each step, but
such that the 2-Selmer group of Aχi+1 is strictly smaller than that of Aχi . If one can always
do this, one eventually arrives at a situation where Sel2(A

χn) is 1-dimensional, generated by
α (this can only be possible when A(k)[2] = 0, but one can consider variants where Sel2(A

χn)
is generated by α and the image of the k-rational 2-torsion points, etc.).

(3) We have a surjective map Sel2(A
χn) → X(Aχn)[2]. If we are in a situation where �niteness

of X(Aχn) implies that X(Aχn)[2] is even dimensional (e.g. if Gk acts on A[2] through
the orthogonal group of some quadratic re�nement of the Weil pairing) then, conditional on
�niteness of Tate�Shafarevich groups, we must have X(Aχn)[2] = 0. Thus, the class of α in
X(Aχn) is trivial, hence Y α(k) ̸= ∅. Thus also Xα(k) ̸= ∅.

We will see later some situations where the strategy works in exactly this way. However, there are
many others where this strategy runs into di�cutly and additional tricks must be found to save it. A
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key recent innovation, due to Harpaz [Har19], is to incorporate a second descent step (more about this
later).

4. Selmer groups

We begin with the abstract famework of Selmer structures, before specialising to Selmer groups of
abelian varieties. In this section, k denotes a number �eld.

4.1. Selmer structures. Let M be a �nite Gk-module with exponent n. De�ne the dual of M ,
M∨ = Hom(M,µn). De�ne, for v a non-archimedean place of k, the unrami�ed subspace

H1
ur(kv,M) := ker

(
H1(kv,M)

res−→ H1(kurv ,M)
)
,

where kurv denotes the maximal unrami�ed extension of kv. The in�ation-restriction exact sequence
means that each class inH1

ur(kv,M) can be represented by a 1-cocycle that factors through Gal(kurv /kv).
For each place v of k, de�ne the local Tate pairing

⟨ , ⟩v : H
1(kv,M)×H1(kv,M

∨) −→ H2(kv, µn) = Br(Kv)[2] ↪→ Q/Z
given by composition of cup-product and the local invariant map.

Theorem 4.1 (Tate local duality). For each place v of k, the local Tate pairing is non-degenerate.
Moreover, for each nonarchimedean place v ∤ n such that the inertia group acts trivially on M ,
H1
ur(kv,M) and H1

ur(kv,M
∨) are orthogonal complements.

Proof. See [NSW08, Corollary 7.2.6] for non-archimedean v and op. cit. Theorem 7.2.17 for archimedean
v. The claim about unrami�ed subspaces is op. cit. Theorem 7.2.15. □

De�nition 4.2 (Selmer structure). A Selmer structure L = {Lv}v for M is a collection of subspaces
Lv ⊆ H1(kv,M) for each place v of k, such that Lv = H1

ur(kv,M) for all but �nitely many v. The
associated Selmer group SelL(M) is de�ned as

SelL(M) = {x ∈ H1(k,M) : resv(x) ∈ Lv for all places v of k}.
The assumption that Lv = H1

ur(kv,M) for all but �nitely many places ensures that SelL(M) is �nite.
De�ne the dual Selmer structure L⊥ = {L⊥

v } for M∨ by taking L⊥
v to be the orthogonal complement

of Lv for each place v.

4.2. Selmer groups of abelian varieties. Let A be a principally polarised abelian variety over k.
We now specalise to the case that M = A[n] for some integer n ≥ 2. The assumption that A is
principally polarised means that A[n] is self-dual via the Weil pairing. For each place v, taking Galois
cohomology of the short exact sequence

(4.3) 0 → A[n] → A
n−→ A→ 0

induces a connecting map δv : A(kv)/nA(kv) ↪→ H1(kv, A[n]).

Lemma 4.4. Let v be a place of k.

(i) δ(A(kv)) is its own orthogonal complement with respect to the local Tate pairing,
(ii) Suppose that v ∤ n is a nonarchimedean place of k. Then

#δ(A(kv)) = #A(kv)[n].

Moreover, if A has good reduction at v, then δ(A(kv)) = H1
ur(kv, A[n]).

As a result of Lemma 4.4, setting Lv = δ(A(kv)) gives a self-dual Selmer structure for A[n]. The
resulting Selmer group is the n-Selmer group of A, Seln(A) ⊆ H1(k,A[n]). Taking Galois cohomology
of the sequence (4.3) over both k and kv, we deduce the existence of the well-known short exact
sequence

(4.5) 0 → A(k)/nA(k) → Seln(A) → X(A)[n] → 0.
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4.3. 2-Selmer groups in quadratic twist families. Let χ : Gk → µ2 be a quadratic character.
As above, we identify A[2] with Aχ[2] as Gk-modules. In particular, we may (and always do!) view
Sel2(A

χ) as a subgroup of H1(k,A[2]). We can thus hope to compare Sel2(A) and Sel2(A
χ) by com-

paring the relevant local conditions subgroups. Note that since the isomorphism A[2] ∼= Aχ[2] is
compatible with the Weil pairing, it identi�es the local Tate pairings also.

Let v be a place of k. We will denote by δv the map A(kv)/2A(kv) → H1(kv, A[2]) considered
previously. For a quadratic character χ : Gk → {±1}, we denote by δχv the composition

δχv : Aχ(kv)/2A
χ(kv) → H1(kv, A

χ[2]) ∼= H1(kv, A[2])

given by composing the connecting map for Aχ with the isomorphism Aχ[2] ∼= A[2] induced by ϕ−1.
We thus have two self-dual Selmer structures {im(δv)}v and {im(δχv )}v on A[2].

Lemma 4.6. Let v ∤ 2 be a nonarchimedean place of good reduction for A. Let χ : Gk → µ2 be a
quadratic character.

(i) If χ is unrami�ed at v then

im(δv) = H1
ur(kv, A[2]) = im(δχv ),

(ii) If χ is rami�ed at v then we have im(δχv ) = δχv (A(kv)[2]). Moreover, we have

im(δv) ∩ im(δχv ) = 0.

Proof. (i). Since χ is unrami�ed at v, both A and Aχ have good reduction at v and the result follows
from Lemma 4.4 (ii).

(ii). Since A has good reduction at v, A[4] is unrami�ed. On the other hand, since χ is rami�ed at v,
there is σ in the inertia group at v such that χ(σ) = −1. Then σ acts a multiplication by −1 on Aχ[4].
From this, we deduce that H0(kv, A

χ[4]) = A(kv)[2]. Thus, δ
χ
v : A(kurv )[2] → H1(kur, A[2]) is injective.

In particular, δχv : A(kv)[2] → H1(kv, A[2]) is injective. Lemma 4.4 (ii) gives #im(δχv ) = #A(kv)[2], so
we deduce that im(δχv ) = δχv (A(kv)[2]). Finally, we have im(δv) = H1

ur(kv, A[2]), so we must show that
H1
ur(kv, A[2]) ∩ δχv (A(kv)[2]) = 0. This follows from the injectivity of δχv : A(kurv )[2] → H1(kur, A[2])

noted previously. □

Let S be a �nite set of places of k and let χ : Gk → µ2 be a quadratic character. Write

VS = im

(
Sel2(A)

⊕v∈Sresv−→
⊕
v∈S

im(δv)

im(δv) ∩ im(δχv )

)
,

and de�ne V χS similarly as

VS = im

(
Sel2(A

χ)
⊕v∈Sresv−→

⊕
v∈S

im(δχv )

im(δv) ∩ im(δχv )

)
.

The following result, stated and proved by Harpaz as [Har19, Lemma 3.27], has its origins in work of
Mazur�Rubin [MR10, Section 3].

Proposition 4.7. Suppose that im(δv) = im(δχv ) for all v /∈ S. Then

(4.8) dimF2 Sel2(A
χ) = dimF2 Sel2(A) + dimF2 V

χ
S − dimF2 VS .

Moreover, we have:

dimF2 VS + dimF2 V
χ
S ≤

∑
v∈S

dimF2

im(δv)

im(δv) ∩ im(δχv )
.

Proof. To ease notation, for each place v if k, write Lv = δ(A(kv)) and Fv = δ(Aχ(kv)). De�ne a
Selmer structure G for A[2] by setting Gv = Lv ∩Fv for each place v. We have evident exact sequences

0 → SelG(A[2]) → Sel2(A)
⊕v∈Sresv→ VS → 0
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and

0 → SelG(A[2]) → Sel2(A
χ)

⊕v∈Sresv→ V χS → 0.

Taking F2-dimensions gives Equation (4.8).
We now prove (i). For each place v, since both Fv and Lv are their own orthogonal complements

with respect to the local Tate pairing, we have a non-degenerate pairing

Lv/Gv ×Fv/Gv → 1
2Z/Z

given by restricting the local Tate pairing. Summing over v ∈ S gives a non-degenerate pairing

(4.9) ⊕v∈SLv/Gv ×⊕v∈SFv/Gv → 1
2Z/Z.

For each x ∈ Sel2(A) and y ∈ Sel2(A
χ), reciprocity for the Brauer group of k gives∑
v place of k

invv(x ∪ y) = 0.

Further, since the Selmer conditions for A and Aχ agree for all places v /∈ S, we have invv(x ∪ y) = 0
for all v /∈ S (since for each such place, Fv = Lv is isotropic). Thus, we deduce that VS and V χS are
orthogonal with respect to the pairing (4.9). In particular, we have

dimF2
VS + dimF2

V χS ≤ dimF2
⊕v∈SLv/Gv,

from which the result follows. □

Remark 4.10. One can strengthen Proposition 4.7 by showing that we moreover have

dimF2
VS + dimF2

V χS ≡
∑
v∈S

dimF2

δ(A(kv))

δ(A(kv)) ∩ δ(Aχ(kv))
(mod 2).

This is more subtle to prove and uses the existence of certain quadratic re�nements of the local Tate
pairing arising from Mumford theta groups; see [Har19, Lemma 3.27] for details. However, it can be
very useful in practice, in particular if one wants to twist to increase the 2-Selmer group � it sometimes
lets one deduce that dimF2

V χS > 0 just by understanding VS .

Our basic mechanism for twisting to reduce the dimension of the 2-Selmer group is the following.

Corollary 4.11. Let Σ be a �nite set of places of k containing all archimedean places, all places
dividing 2 and all places of bad reduction for A. Suppose that χ : Gk → µ2 is a quadratic character
that is trivial locally at all places in Σ. Suppose that χ is rami�ed at a single place v /∈ Σ and that the
restriction map resv : Sel2(A) → H1

ur(kv, A[2]) is surjective. Then

dimF2 Sel2(A
χ) = dimF2 Sel2(A)− dimF2 A(kv)[2].

Proof. By Lemma 4.6(i) and our assumptions on χ, we may take S = {v} in Proposition 4.7. Using
Lemma 4.4(ii) and the proposition, we have dimVS + dimV χS ≤ dimA(kv)[2]. Moreover, Lemma
4.4 and the assumption that the restriction map is surjective shows that VS = H1

ur(kv, A[2]). Now
dimH1

ur(kv, A[2]) = dimA(kv)[2], so we deduce from the inequality that V χS = 0, from which the result
follows. □

4.4. Parity of ranks. A predicted consequence of the Birch and Swinnerton-Dyer conjecture is the
parity conjecture:

(−1)rkA = w(A).

Here the right hand side is the global root number of A. By de�nition, w(A) ∈ {±1} is a product of
local root numbers:

w(A) =
∏

v place of k

w(A/kv).

One expects that w(A) is the sign in the (conjectural) functional equation for the L-function of A,
hence controls the parity of the order of vanishing of the L-function at s = 1; this is why the parity
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conjecture is predicted by the Birch and Swinnerton-Dyer conjecture. This means that the parity
of rkA should be determined by quite simple local invariants of A, namely the local root numbers
w(A/kv) ∈ {±1}. We remark that if A has good reduction at v then w(A/kv) = 1.

Now let χ be a quadratic character with corresponding quadratic extension F/k. We have

rk(A/F ) = rk(A) + rk(Aχ).

In particular, the parity conjecture predicts that

(−1)rk(A
χ) = (−1)rkA

∏
w place of F

w(A/Fw).

Since w(A/Fw) = 1 whenever w lies over a place of good reduction for A, we see that the parity of
rk(Aχ/k) depends on χ only through its restriction to kv for the �nitely many places v of k at which A
has bad reduction. One can prove this unconditionally for 2∞-Selmer ranks, hence for ranks assuming
�niteness of Tate�Shafarevich groups.

De�nition 4.12. As in Remark 2.7, denote by Xnd(A) the quotient of X(A) by its maximal divisible
subgroup. Unconditionally, one has

X(A)[2∞] ∼=
(
Q2/Z2

)n2 ⊕Xnd(A)[2
∞]

for some integer n2 ≥ 0. The 2∞-Selmer rank of A is rk2(A) = rk(A) + n2. Note in particular that
rk2(A) = rk(A) conditional on �niteness of (the 2-part of) X(A). (It is more standard to de�ne
rk2(A) as the Z2-corank of the 2∞-Selmer group lim−→ Sel2n(A); this is equivalent to the more concrete

de�nition given above.)

Theorem 4.13 ([Mor19], Theorem 10.12). Let Σ be a �nite set of places of k containing all archimedean
places, all places dividing 2 and all places at which A has bad reduction. Then, for each v ∈ Σ and
quadratic character χv : Gkv → {±1} , one can de�ne an invariant Ωv(χv) ∈ {±1} such that, for all
global quadratic characters χ : Gk → {±1}, we have

(−1)rk2A
χ

= (−1)rk2A
∏
v∈Σ

Ωv(resv(χ)).

Moreover, for any place v, if χv is the trivial character then Ωv(χv) = 1.

Remark 4.14. The fundamental exact sequence (4.5) (with n = 2) shows that

dimF2
Sel2(A) = rk2(A) + dimF2

A(k)[2] + dimF2
Xnd(A)[2].

The �rst term, dimF2
A(k)[2], is constant in the quadratic twist familiy of A. Thus, if we are in a

situation where dimF2
Xnd(A

χ)[2] is even for all quadratic twists of A (as is the case when the class c2
is zero, for example) then we deduce that the parity of dimF2

Sel2(A
χ) is determined by {resv(χ)}v∈Σ

also. More precisely, in this situation we have

(−1)dim Sel2(A
χ) = (−1)dim Sel2(A)

∏
v∈Σ

Ωv(resv(χ)).

While it is not known that the local invariants Ωv(χv) agree with the corresponding local root
numbers in general, it is known in some cases. Later, it will be useful to know that A has a quadratic
twist of odd (hence positive) rank, at least assuming �niteness of Tate�Shafarevich groups. Part (i) of
the following result, which is predicted by root numbers, serves to accomplish this in many instances.

Proposition 4.15. Suppose v ∤ 2∞ is a place of k such that A has semistable reduction at v, and
such that the group Φ of geometric connected components of the special �bre of the Néron model of A
over kv has odd order. Let χ be the unique non-trivial unrami�ed quadratic character of Gkv .

(i) We have

Ωv(χ) = (−1)f(A/kv),

where f(A/kv) denotes the conductor exponent of A at v.
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(ii) We have δ(A(kv)) = H1
ur(kv, A[2]) = δ(Aχ(kv)).

Proof. (i) This is [Mor25], Proposition 6.3.
(ii). Since Néron models commute with unrami�ed base change, it su�ces to prove this for δ(A(kv)).

Since v ∤ 2∞, we have

dimH1
ur(kv, A[2]) = dimA(kv)[2] = dim δ(A(kv)),

hence it su�ces to show that H1
ur(kv, A[2]) is contained in δ(A(kv)). Equivalently, we want to show

that the image of H1
ur(kv, A[2]) in H

1(kv, A) is trivial. By [Mil06, Proposition I.3.8] we have

H1
ur(kv, A)

∼= H1
ur(kv,Φ).

Since Φ has odd order, it follows that H1
ur(kv, A)[2] is trivial, hence so is the image of H1

ur(kv, A[2]) in
H1(kv, A). □

5. Rational points on Kummer varieties

In this section, we discuss two results about the existence of rational points on Kummer varieties
obtained via Swinnerton-Dyer's method. For concreteness, we restrict to the case of Kummer surfaces
associated to Jacobians of genus 2 curves (though both results admit natural generalisations to higher
dimensional Kummer varieties). We begin by making some of the concepts introduced previously more
explicit in this case.

5.1. Jacobians of genus 2 curves. Let k be a �eld of characteristic di�erent from 2. Let f(x) ∈ k[x]
be a separable polynomial of degree 5 or 6, and let C : y2 = f(x) be the associated genus 2 curve. Let
A be the Jacobian of C. Denote by W the Gk-set of Weierstrass points on C. Thus, we have

W =

{
{(r, 0) : r is a root of f(x)} deg(f) = 6,

{(r, 0) : r is a root of f(x)} ∪ {∞} deg(f) = 5.

Here in the case where deg(f) = 5, ∞ denotes the unique point on C not seen on the a�ne chart
y2 = f(x) (when deg(f) = 6 there are instead 2 such points, which are not Weierstrass points).

As a Gk-module, A[2] ∼= F2[W]sum=0/
〈∑

w∈W w
〉
(the key point is that, for each pair P,Q of

Weierstrass points, the class of the divisor P − Q is 2-torsion). One sees from this description that
G = Gal(k(A[2])/k) is naturally identi�ed with the Galois group of f(x). Moreover, both the Weil
pairing on A[2] and the Gk-set of quadratic re�nements of the Weil pairing on A[2] can be described
explicitly via this isomorphism. Indeed, we can naturally think of F2[W]/

〈∑
w∈W w

〉
as the collection

of even-sized subsets of W, modulo the equivalence relation identifying a subset with its complement
(the group operation is given by symmetric di�erence). Given even sized subsets S, T , we have

e2(S, T ) = (−1)#S∩T .

Further, there is a Galois equivariant surjection from the collection of odd-sized subsets of W, modulo
the same equivalence relation, to the Gk-set of quadratic re�nements of e2. It is given by sending a
subset T to the quadratic form qT : A[2] → µ2 de�ned by

qT (S) = (−1)
1
2#S+#S∩T .

See [Dol12, Section 5.2.3] for details.
When deg(f) = 5 there is thus a Gk-invariant quadratic re�nement of the Weil pairing on A[2]

associated to the point at in�nity.
With some work, one can use the discussion above to prove the following:

Lemma 5.1. Suppose that Gal(f) = Sdeg(f). Then A[2] is a simple G-module and EndG(A[2]) = F2.

If deg(f) = 5 then H1(G,A[2]) = 0. If deg(f) = 6 then H1(G,A[2]) is 1-dimensional, generated by
the class c2 parameterising quadratic re�nements of the Weil pairing.
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5.2. Extensions de�ned by cocyles. We return to the general situation where A/k is a principally
polarised abelian variety over a �eld k of characteristic di�erent from 2. Write G = Gal(k(A[2])/k). Let
T = {α1, ..., αt} be a �nite subset of H1(k,A[2]) and represent each αi by a 1-cocycle α̃i : Gk → A[2].
Then the map φT : Gk → A[2]T ⋊G, given by

σ 7→
(
α̃1(σ), . . . , α̃t(σ), σ̄

)
,

is a homomorphism. Here σ̄ denotes the image of σ in G. Denote by kT the �xed �eld of the kernel
of this homomorphism, so that we have an injection φT : Gal(kT /k) ↪→ A[2]T ⋊ G. The extension
kT /k contains k(A[2])/k and is the smallest Galois extension of k through which each of the cocycles
α̃1, . . . , α̃t factor.

Consider the following condition:

Condition 5.2. We have

(a) H1(G,A[2]) = 0,
(b) A[2] is a simple F2[G]-module and EndG(A[2]) = F2.

Lemma 5.3. Suppose that Condition 5.2 is satis�ed. Suppose also that T is F2-linearly indepdendent.

(i) φT : Gal(kT /k) → A[2]T ⋊G is an isomorphism.
(ii) Let kabT denote the maximal abelian subextension of kT /k. Then k

ab
T ⊆ k(A[2]).

Proof. (i) It su�ces to show that the restriction of φT to L = k(A[2]) induces a surjection Gal(kT /L) →
A[2]T . Since H1(G,A[2]) = 0, the in�ation-restriction exact sequence shows that {α1|L, ..., αt|L} is a
linearly independent subset of HomG

(
Gal(kT /L), A[2]

)
, where G acts on Gal(kT /L) by conjugation.

Note in particular that dimF2
HomG(Gal(kT /L), A[2]) ≥ t.

Let M = φT (Gal(kT /L)). Then M is an F2[G]-submodule of A[2]T . Since A[2] is a simple F2[G]-
module, and M ≤ A[2]T , we have M ∼= A[2]r for some r ≤ t. On the other hand, using Condition 5.2
(b) we compute

dimF2
HomG(Gal(kT /L), A[2]) = dimF2

HomG(M,A[2]) = dimF2
HomG(A[2]

r, A[2]) = r.

Comparing with the �rst paragraph we obtain r ≥ t. We thus conclude that r = t, hence M = A[2]T .
(ii) Let M be any abelian group and let θ : A[2]T ⋊ G → M be a homomorphism. In light of (i),

we want to show that A[2]T ⊆ ker(θ), so that then θ factors through G = Gal(k(A[2])/k). Consider
the restriction of θ to one of the factors A[2] of A[2]T . Since M is abelian, and since the action of G
on A[2]T is given by (or rather, can be realised by) lifting to the semidirect product and conjugating,
we see that the restriction of θ to a homomorphism A[2] → M is G-equivariant, where M is given
the trivial action. The kernel of this map is then either trivial or all of A[2]. But the former can't
happen since it would realise A[2] (which has non-trivial action) as a submodule of M (which has
trivial action). Thus the restriction of θ to each factor of A[2]T is trivial, which is enough to conclude
the result. □

5.3. Quadratic characters with speci�ed local behaviour. In this subsection, we state and prove
a lemma that will help us to accomplish Step (1) of the general strategy set out in Section 3.2.

Fix a �nite Galois extension F/k of number �elds with Galois group Γ. Fix also a �nite set Σ of
places of k containing all places dividing 2∞, and all places rami�ed in F/k.

Notation 5.4. Let C ⊆ Γ be a non-empty union of conjugacy classes and write P(C) for the set of
primes p /∈ Σ for which the Frobenius element Frobp ∈ Γ lies in C. Let A(C) denote the set of quadratic
characters χ : Γ → {±1} satisfying χ(σ) = 1 for all σ ∈ C.

Lemma 5.5. Let (χv)v∈Σ be a collection of quadratic characters χv : Gkv → µ2. Assume that, for
every ψ ∈ A(C), we have ∑

v∈Σ

invv(χv ∪ resv(ψ)) = 0.
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Then there is a global quadratic character χ : Gk → µ2 such that resv(χ) = χv for all v ∈ Σ, and such
that χ is unrami�ed outside Σ ∪ P(C).

Proof. Exactness at the middle term of the Poitou�Tate exact sequence (see, for example, [Mil06,
Theorem I.4.10]) applied to the set Σ∪P(C) of places, and to the self-dual Gk-module µ2, shows that

im
(
H1(kΣ∪P(C)/k, µ2)

res−→
∏′

v∈Σ∪P(C)

H1(kv, µ2)
)

is its own orthogonal complement under the sum of the local Tate pairings. Here kΣ∪P(C) denotes the
maximal extension of k unrami�ed outside Σ ∪ P(C), and the restricted direct product is taken with
respect to the subgroups of unrami�ed classes. Projecting onto

∏
v∈ΣH

1(kv, µ2), it follows formally

that the image of H1(kΣ∪P(C)/k, µ2) in
∏
v∈ΣH

1(kv, µ2) is the orthogonal complement of the image
of

(5.6) ker
(
H1(kΣ/k, µ2)

res−→
∏′

v∈P(C)

H1(kv, µ2)
)

in
∏
v∈ΣH

1(kv, µ2). Now let ψ ∈ H1(kΣ/k, µ2). If either ψ does not factor through Γ, of if there is
σ ∈ C with ψ(σ) = −1, then by the Chebotarev density theorem we can �nd a prime p ∈ P(C) such
that the restriction of χ to Gkp is non-trivial. From this we conclude that the kernel in (5.6) is equal
to A(C), giving the result. □

5.4. Hasse principle for Kummer surfaces. The following is a result of Harpaz�Skorobogatov
[HS16, Theorem B] (see [HS16, Theorem 2.3] for a higher dimensional generalisation). We give a slight
variant of their argument, incorporating results on the parity of ranks to enable one to twist only by
characters that are trivial at all places of bad reduction.

Theorem 5.7 (Harpaz�Skorobogatov). Let f(x) ∈ Ok[x] be a separable monic polynomial of degree
5 and let C : y2 = f(x) be the corresponding genus 2 curve. Let A be the Jacobian of C. Suppose
that Gal(f) ∼= S5 and that there is a prime ideal p with ordpdisc(f) = 1. Let α ∈ H1(k,A[2]) and
suppose that α is unrami�ed at p. Assume that the Tate�Shafarevich group of each quadratic twist of
A is �nite. Then the Kummer surface Xα satis�es the Hasse principle.

We begin with a lemma. The key input in its proof is Lemma 5.5. We remark that this lemma
can be replaced by an application of the �bration method. This approach relates the existence of a
character as in the statement to the vanishing of a suitable vertical Brauer group and gives a more
geometric/conceptual approach to this part of the argument. See [HS16, Proposition 6.2] and the
references therein for details. We have elected to argue via Lemma 5.5 instead due to the extra setup
involved in the �bration method approach.

Lemma 5.8. Take all the notation and assumptions of Theorem 5.7. Suppose that α ̸= 0 and
Xα(Ak) ̸= ∅. Then there is a quadratic character χ0 : Gk → µ2 such that α ∈ Sel2(A

χ0) and
dim Sel2(A

χ0) ≡ 1 (mod 2).

Proof. Let Σ be a �nite set of places containing all places dividing 2, all archimedean places and all
places of bad reduction for A. The assumption that Xα(Ak) ̸= ∅ means that for each place v ∈ Σ {p}
there is a local quadratic character χv : Gkv → µ2 such that Y χv

α (kv) ̸= ∅. That is, such that
resv(α) ∈ im(δχv

v ).
The assumptions on the special prime p entail that the group of geometric connected components

of the special �bre of the Néron model of A over kp is trivial and that f(A/kv) = 1 (cf. [HS16, Proof of
Corollary 2.4]). Let ψp be the unique non-trivial unrami�ed quadratic character. Since α is unrami�ed

at p, it follows from Proposition 4.15(ii) that α lies in both im(δv) and im(δ
ψp
v ). Since f(A/kv) is odd,

by Proposition 4.15(i), Theorem 4.13 and Remark 4.14 we can, choosing χp to be either the trivial
character or non-trivial unrami�ed character as appropriate, ensure that dim Sel2(A

χ) is odd for any
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global character χ : Gk → µ2 such that resv(χ) = χv for all v ∈ Σ. For any such χ, we further have
resv(α) ∈ im(δχv ) for each v ∈ Σ.

Let T = {α} and let α̃ be a 1-cocycle representing α. Lemma 5.1 and Lemma 5.3 together show that
the map φT : Gal(kT /k) → A[2] ⋊ Gal(f), given by σ 7→ (α̃, σ̄), is an isomorphism. We also deduce

from Lemma 5.3 that the maximal abelian subextension of kT /k is k(
√
disc(f)). Let C ⊆ Gal(kT /k)

be the set of elements conjugate to an element of φ−1
T (0 × Gal(f)). Since this contains an element

acting on the roots of f(x) as an odd permutation, the set A(C) in Lemma 5.5 is trivial. We deduce
the existence of a global quadratic character χ with resv(χ) = χv for all v ∈ Σ and such that, outside
Σ, χ is rami�ed only at primes q for which Frobq ∈ C. By construction, resq(α) = 0 for all such primes.
This, combined with the choice of {χv}v∈Σ, ensures that α ∈ Sel2(A

χ), completing the proof. □

Proof of Theorem 5.7. Without loss of generality, we can take α ̸= 0 (else Xα trivially has a k-point).
Further, we can assume Xα(Ak) ̸= ∅ (else Xα trivially satis�es the Hasse principle).

Since deg(f) = 5 the class c2 parameterising quadratic re�nements of the Weil pairing is zero (by
the discussion preceding Lemma 5.1) . Thus, conditional on �niteness of Tate�Shafarevich groups, we
have dimX(Aχ)[2] ≡ 0 (mod 2) for all quadratic characters χ (cf. Proposition 2.8).

Let χ0 : Gk → µ2 be a character a�orded by Lemma 5.5, so that α ∈ Sel2(A
χ0) and dim Sel2(A

χ0) ≡
1 (mod 2).
Claim. Suppose that χ : Gk → µ2 is a quadratic character such that α ∈ Sel2(A

χ) and dim Sel2(A
χ) ≥

3. Then there is a quadratic character χ′ : Gk → µ2 such that α ∈ Sel2(A
χ′
) and dim Sel2(A

χ′
) =

dim Sel2(A
χ)− 2.

Proof of claim. To ease notation, take α1 := α. Extend α1 to a basis T = {α1, ..., αt} for Sel2(Aχ).
As above, the assumptions of Lemma 5.3 are satis�ed. Thus, representing each αi by a 1-cocycle α̃i,
the resulting homomorphism φT : Gal(kT /k) → A[2]t ⋊Gal(f), given by

σ 7→ (α̃1(σ), ..., α̃t(σ), σ̄)

is an isomorphism (here, as before, σ̄ denotes the image of σ in Gal(f)).

Let Σ̃ ⊇ Σ be a �nite set of places containing all those where χ rami�es. Let m be the formal

product of 8 and all places in Σ̃, and let km/k denote the ray class �eld of conductor m.
Note that t = dim Sel2(A

χ) ≥ 3 by assumption. Fix σ ∈ Gal(kmkT /k) such that:

• σ|km = 1,
• φT (σ) = (0, x1, x2, 0, ..., 0, τ) where τ ∈ Gal(f) is a double transposition and {x1, x2} is a basis
for the 2-dimensional F2-vector space A[2]/(τ − 1)A[2].

To see that such an element exists we are using: that φT is an isomorphism, that km/k is abelian,

that the maximal abelian subextension of kT /k is k(
√
disc(f))/k (by Lemma 5.3 and the assumption

Gal(f) ∼= S5), and that τ ∈ A5 necessarily acts trivially on k(
√
disc(f)) = kT ∩ km.

Now choose a prime ideal q /∈ Σ̃ such that the Frobenius element Frobq ∈ Gal(kT km/k) lies in the
conjugacy class of σ. Since Frobq is trivial in Gal(km/k), the prime ideal q is principal, generated by

an element π ∈ Ok that is a square locally at all places v ∈ Σ̃. Let χπ be the quadratic character

associated to k(
√
π)/k and let χ′ = χχπ. By construction, χπ is trivial at all places in Σ̃ and is rami�ed

at the single place v corresponding to q. Further, the composition

Sel2(A
χ)

resq−→ H1
ur(kq, A[2])

∼= A[2]/(Frobq − 1)A[2],

which evaluates cocycles at Frobq, is surjective thanks to our choice of Frobq ∈ Gal(kT /k) (in fact, the
images of α2 and α3 span A[2]/(Frobq − 1)A[2]). We may thus apply Corollary 4.11 to Aχ, giving

dim Sel2(A
χ′
) = dim Sel2(A

χ)− dimA(kv)[2] = dim Sel2(A
χ)− 2,

the �nal equality following from the fact that Frobq acts on the roots of f(x) as a double transposition.
Finally, since we chose σ such that α̃(σ) = 0, we see that resq(α) = 0. Thus α satis�es the Selmer
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conditions for Aχ
′
at q. Since the Selmer conditions for Aχ and Aχ

′
agree away from q, we deduce

that α ∈ Sel2(A
χ′
), completing the proof of the claim.

To complete the proof of the theorem we apply the claim inductively, starting from χ = χ0. Having
arranged that dimSel2(A

χ0) is odd, we eventually arrive at a quadratic character χ′ for which Sel2(A
χ′
)

is one dimensional, generated by α. As above, the fact that deg(f) = 5 ensures, conditional on �niteness

of X(Aχ
′
), that dimX(Aχ

′
)[2] ≡ 0 (mod 2). As explained in Section 3.2, this is enough to conclude

that Xα(k) ̸= ∅. □

Remark 5.9. The proof of this result in [HS16, Theorem B] is slightly di�erent. Speci�cally, they do
not initially arrange that dimSel2(A

χ0) is odd (removing the need for Theorem 4.13 in this case).
Rather, they twist inductively by characters rami�ed at a single prime whose Frobenius element �xes
a 1-dimensional subspace of A[2] (e.g. a 4-cycle) in order to reduce the dimension of the 2-Selmer
group by 1 at each step. However, by parity considerations, this is not possible to do with characters
that are trivial locally at all places of bad reduction for A, all places over 2 and all archimedean places;
their characters all restrict to the non-trivial unrami�ed character locally at the distinguished place
p. One advantage of using double transpositions instead of 4-cycles is that one can prove instances of
Theorem 5.7 for other Galois groups such as A5 (in fact, all transitive subgroups of S5 save C5; see
[MS24, Section 4]).2

We now brie�y discuss the corresponding result where deg(f) = 6, which is a special case of
[Mor25, Theorem 1.9].

Theorem 5.10. Let f(x) ∈ Ok[x] be a separable monic polynomial of degree 6 and let C : y2 = f(x)
be the corresponding genus 2 curve. Let A be the Jacobian of C. Suppose that Gal(f) ∼= S6 and that
there is a prime ideal p with ordpdisc(f) = 1. Let α ∈ H1(k,A[2]) and suppose that α is unrami�ed at
p. Assume that the Tate�Shafarevich group of each quadratic twist of A is �nite. Then the Kummer
surface Xα satis�es the Hasse principle.

Unlike the situation of Theorem 5.7, the class c2 ∈ H1(k,A[2]) paramterising quadratic re�nements
of the Weil pairing is now non-trivial. Since this is the class measuring the obstruction to the Cassels�
Tate pairing being alternating, for a quadratic character χ it is no longer possible to conclude that
X(Aχ)[2] = 0 from the fact that dim Sel2(Aχ) = 1 alone. Moreover, one has c2 ∈ Sel2(Aχ) for all
quadratic characters χ, so the most one could hope to obtain from the Mazur�Rubin twisting procedure
is the existence of a �nal character χn such that Sel2(Aχn) is generated by α and c2.

To overcome these issues, one can incorporate second descent ideas in the spirit of Harpaz [Har19]
and Smith [Smi16], and study the variation of the Cassels�Tate pairing on the 2-Selmer group under
quadratic twist. Speci�cally, for a quadratic character χ, we can pull back the Cassels�Tate pairing
along the surjection Sel2(A

χ) → X(Aχ)[2] to give a pairing

CTPχ : Sel2(A
χ)× Sel2(A

χ) → 1
2Z/Z.

One can show that its kernel is 2Sel4(A
χ), where Sel4(A

χ) denotes the 4-Selmer group of Aχ. Note
that any class in Sel2(A) in the image of δ : A(k)/2A(k) → Sel2(A) is necessarily in the kernel of
CTPχ.

The strategy is as follows:3

• as in the degree 5 case, local solubility of the Kummer variety Xα implies the existence of
a quadratic character χ0 such that α lies in Sel2(A

χ0) and rk2(A) is odd (and in particular
positive),

2The condition at the special prime p must be sligthly modi�ed for other groups since the current version precludes
the discriminant from being a square.

3One could try to �rst twist to make the 2-Selmer group as small as possible before moving on to the the study of
the Cassels�Tate pairing, but this turns out not to be necessary for the argument.
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• instead of twisting to shrink the 2-Selmer group, use the Mazur�Rubin machinery to produce
many quadratic twists all having odd 2∞-Selmer rank and identical 2-Selmer group to that of
Aχ0 . (This step uses the existence of elements σ ∈ Gal(f) such that A[2]σ = 0, e.g. 5-cycles.
The key point is that, if q is a prime such that A[2]Frobq = 0 then H1(kq, A[2]) = 0, hence the
Selmer conditions at q are vacuous.)

• as one varies over twists as in the previous step, show that the resulting Cassels�Tate pairings on
the common 2-Selmer group vary over all possible pairings subject to certain forced structure.

• use the previous step to �nd a twist χ for which α generates the kernel of the corresponding
Cassels�Tate pairing. To conclude from this, note that α is then the unique non-zero element
lifting to the 4-Selmer group of Aχ. Since Aχ has odd 2∞-Selmer rank by construction, the only
possibility, assuming �niteness of X(Aχ/K)[2∞], is that α is in the image of δ : A(k)/2A(k) →
H1(k,A[2]), hence has trivial image in X(Aχ). Thus Xα(k) ̸= ∅.

Regarding the third bullet point, the following general result is [Mor25, Theorem 1.14]. To state it,
let A/k be a principally polarised abelian variety and let G = Gal(k(A[2])/k).

Condition 5.11. Suppose that:

(A) A[2] is a simple G-module and EndG(A[2]) = F2,
(B) there is g ∈ G with A[2]g = 0,
(C) H1(G,A[2]) ∩ Sel2(A) = ⟨c2⟩ (we allow for the possibility that c2 = 0).

This condition holds, for example, if G is the full symplectic group of automorphisms of A[2]
preserving the Weil pairing. This condition holds, for example, if G is the full symplectic group of
automorphisms of A[2] preserving the Weil pairing.

De�nition 5.12. Call a 1
2Z/Z-valued bilinear pairing P on Sel2(A) admissible if: P (x, x) = P (x, c2)

for all x ∈ Sel2(A), and

P (c2, c2) =

{
0 dim Sel2(A) + rk2(A) ≡ 0 (mod 2),
1
2 otherwise.

It follows from the work of Poonen�Stoll that the Cassels�Tate pairing on Sel2(A) is admissible. (If
the class c2 is zero, then P is admissible if and only if P is alternating.)

Theorem 5.13 ([Mor25], Theorem 1.14). Assume that Condition 5.11 holds. Let P be any admissible
pairing on Sel2(A). Then there is a quadratic character χ : GK → µ2 such that all of the following
hold:

(i) rk2(A
χ) ≡ rk2(A) (mod 2),

(ii) Sel2(A
χ) = Sel2(A) as subgroups of H

1(k,A[2]),
(iii) for all x, y ∈ Sel2(A

χ), we have

CTPχ(x, y) = P (x, y).
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